We propose a new analytical method to solve for nonexactly soluble Schrödinger equation via expansions through some existing quantum numbers. Successfully, it is applied to the rational nonpolynomial oscillator potential. Moreover, a conclusion reached by Scherrer et al.
Introduction
The importance of rational nonpolynomial oscillator (NPO) potential,
arises in nonlinear Lagrangian field theory, laser theory, and elementary particle physics [1] [2] [3] [4] . Only a class of exact analytical solutions for a certain parameter dependence a = a(b) obtains [3, [5] [6] [7] . Hence, it has been a subject of several investigations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ( exhaustive lists of these could be found in
Ref.s [2, 15] ).
On the other hand, the cutoff -Coulomb potential
with the truncation parameter c, avoids the singularity at q = 0 in the Coulomb potential ( the crux of divergence difficulties in quantum field theory [16] [17] [18] ). It has been suggested [18] that if gravitational interactions of elementary particles are taken into acount, there would be a gravitational cutoff of Coulomb interaction. Equation (2) represents a nonrelativistic expression of this idea. It also serves as an approximation to the potential due smeared charge rather than a point charge.
The Schrödinger equation with such interactions, (1) and (2), belongs to the class of quantum mechanical systems which are nonexactly soluble in general. However, the solutions of exactly solvable potentials ( an interesting field of mathematical physics in itself [19, 20] ) can be used in perturbation and pseudoperturbation theories, or they can be combined with numerical calculations. Nevertheless, in the simplest case, analytical calculations can aid numerical studies in areas where numerical techniques might not be safely controlled. For example, when bound -state wave functions with arbitrary nodal zeros are required for certain singular potentials (a next level of complexity), analytical solutions can supply a basis for numerical calculations.
Moreover, in many problems the Hamiltonian does not contain any physical parameter suitable for a perturbation expansion treatment. More often, the Hamiltonian contains physical parameters, but, typically, zeroth -order solutions for special values of these are not tractable or good starting approximations. Alternatively, one would resort to apparently artificial conversions to perturbation problems which have been shown to make progress [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
The three -dimensional (3D) spherically symmetric NPO potential has been investigated [8] by means of the shifted large -N expansion technique (SLNT). However, Scherrer and co-workers [2] have employed a matrix continued fractions (MCF) method and concluded that SLNT [8] leads to dubiously accurate results in the critical range a 1/2 /b ≈ 0.1 − 30. Handy et al. [14] have used the eigenvalue moment method (EMM) to obtain upper and lower energy bounds, for l = 0, and compared their results with those of Roy et al. [12] by the suppersymmetric quantum mechanics (SSQM). Singh et al [17] have used a numerical integration method (NIM) to find the eigenvalues for the 3D cutoff -Coulomb potential. Hall and Saad [35] have used a smooth transformation (STM) and a numerical integration methods to obtain bound -states for the Coulomb plus a logarithmic perturbation term. Hence, apart from those of SLNT, results from convincingly powerful methods exist for comparison purposes.
Recently, we have introduced a pseudoperturbative shifted -l ( l is the angular momentum quantum number) expansion technique ( PSLET) to solve for nodeless states of Schrödinger equation. It simply consists of using 1/l as a pseudoperturbation parameter, wherel = l−β and β is a suitable shift. The shift β is vital for it removes the poles that would emerge, at lowest orbital states with l=0, in our proposed expansions below. Our analytical, or often semianalytical, methodical proposal PSLET has been successfully applied to quasi -relativistic harmonic oscillator [34] , spiked harmonic oscillator [32] , and to anharmonic oscillators [35] potentials.
Encouraged by its satisfactory performance in handling nodeless states, we generalize PSLET recipe ( in section 2) for states with arbitrary number of nodal zeros, k ≥ 0. Moreover, in the underlying "radical" time -independent radial Schrödinger equation, inh = m = 1 units,
the isomorphism between orbital angular momentum l and dimensionality D invites interdimensional degeneracies to obtain [36] [37] [38] [39] (for more details the reader may refer to ref.s [36, 38] ). Hence, the symmetry of an attendant problem obviously manifests the admissibility of the quantum number l: In one-dimension (1D), l specifies parity, (−1) l+1 , with the permissible values -1 and/or 0 ( even and/or odd parity, respectively) where q = x ∈ (−∞, ∞). 
In section 3, we investigate PSLET recipe and consider, for the sake of diversity, the potentials; (i) V (q) = A 2 q 2 /2, the harmonic osillator ( the limit of (1) when b −→ ∞ and/or a −→ 0, with
the Coulomb ( the limit of (2) when c −→ 0, (iii) the NPO (2), (iv) the cutoff -Coulomb (2), and (v) the Coulomb perturbed by a logarithmic term, which has no experimental evidence, to the best of our knowledge, thus our calculations are only of academic interest. The last section is reserved for summary and remarks.
The generalization of PSLET
The construction of our PSLET starts with shifting the angular momentum in (3) to obtain
where Q is a constant that scales the potential V (q) at large -l limit ( the pseudoclassical limit [36] ) and is set, for any specific choice of l and k, equal tol 2 at the end of the calculations. Next, we shift the origin of the coordinate system through x =l 1/2 (q − q o )/q o , where q o is currently an arbitrary point to be determined below. Expansions about this point,
Obviously, the expansions in (5) and (6) localize the problem at an arbitrary point q o and the derivatives, in effect, contain information not only at q o but also at any point on q-axis, in accordance with Taylor's theorem. It is then convenient to expand E k,l as
Equation (4) thus becomes
with
Equation (8), along with (9) and (10), is evidently the one -dimensional Schrödinger equation for a perturbed harmonic oscillator
where w 2 = 2B 2 ,
and P (x) represents the remaining terms in eq. (9) as infinite power series perturbations to the harmonic oscillator. One would then imply that
and
Hence, equations (13) and (14) yield
Where q o is chosen to minimize E
Hereby, V (q) is assumed to be well behaved so that E
has a minimum q o and there are well -defined bound -states. Equation (19) in turn gives, with
Consequently, the second term in Eq. (9) vanishes and the first term adds a constant to the energy eigenvalues. It should be noted that the energy term
corresponds roughly to the energy of a classical particle with angular momentum L z =l executing circular motion of radius q o in the potential V (q o ).
It thus identifies the zeroth -order approximation, to all eigenvalues, as a classical approximation and the higher -order corrections as quantum fluctuations around the minimum q o , organized in inverse powers ofl. The next correction to the energy series,lE
k,l , consists of a constant term and the exact eigenvalues of the harmonic oscillator w 2 x 2 /2.The shifting parameter β is determined by choosinglE
k,l =0. This choice is physically motivated. In addition to its vital role in removing the singularity at l = 0, it also requires the agreements between PSLET eigenvalues and eigenfunctions with the exact well known ones for the harmonic oscillator and Coulomb potentials. Hence
where primes of V (q o ) denote derivatives with respect to q o . Then equation
where
Equation (8) thus becomes
Up to this point, one would conclude that the above procedure is nothing but an imitation of the eminent shifted large-N expansion (SLNT) [24] [25] [26] [27] [28] [29] 35 ].
However, because of the limited capability of SLNT in handling large-order corrections via the standard Rayleigh-Schrödinger perturbation theory, only low-order corrections have been reported, sacrificing in effect its preciseness.
Therefore, one should seek for an alternative and proceed by setting the wave functions with any number of nodes as
In turn, equation (26) readily transforms into the following Riccati equation:
where the primes denote derivatives with respect to x. It is evident that this equation admits solution of the form
Substituting equations (29) - (32) into equation (28) implies
The above procedure obviously reduces to the one described by Mustafa and
Odeh [33, 34, 36, 37] , for k = 0. Moreover, the solution of equation (33) follows from the uniqueness of power series representation. Therefore, for a given k we equate the coefficients of the same powers ofl and x, respectively. For example, when k = 1 one obtains
etc. Here, we reported the nonzero coefficients only. One can then calculate the energy eigenvalues and eigenfunctions from the knowledge of C m,n,k , D m,n,k , and a (n)
p,k in a hierarchical manner. Nevertheless, the procedure just described is suitable for a software package such as MAPLE to determine the energy eigenvalue and eigenfunction corrections up to any order of the pseudoperturbation series, (7) and (29)- (30) . Although the energy series, equation (7), could appear divergent, or, at best, asymptotic for smalll, one can still calculate the eigenenergies to a very good accuracy by forming the sophisticated [N,M] Padé approximation [21] 
to the energy series (7). The energy series is calculated up to E
and with the P 
Our recipe is therefore well prescribed.
Some applications
We begin with the harmonic oscillator potential V (q) = A 2 q 2 /2 and find q o from (20) , along with (21) . Once q o is determined, Eq. (15) reads
Hence, the corresponding energies are 
Obviously the terms between brackets in equation (44) are the infinite geometric series expansions for ln(1 + y). Equation (44) can be recast as
which in turn implies the exact wave functions
where N 0,l are the normalization constants.
Next we consider the Coulomb potential V (q) = −1/q. In this case, Eq. (15) reads
The reminder corrections are identically zeros, Eq.(43). Hence, one obtains the eigenvalues
the well known exact energies for the Coulomb potential. For k = 0
Now let us consider the NPO potential (1), for which Eq. (21) implies
. (52) In turn Eq. (20) reads
Equation (43) In tables 1 and 2 we list PSLET results E P , Eq. (40), along with the [4, 4] Padé approximants, Eqs.(41). The results of Roy et al. [12] , via SSQM, and
Handy et al. [14] , via EMM, are also displayed for comparison. In tables 3-5
we compare our results with those of Scherrer et al. [2] , via MCF, and Varshni [8] , via SLNT.
In tables 1 and 2 we have observed that, if the last two digits are neglected, the energy series Eq.(40) stabilizes at E 5 up to E 10 . Where E 5 and E 10 denote that the energy is computed by the first five and first ten terms of the energy series, respectively. Yet for l = 5 − 20 it stabilizes at E 3 up to E 10 . While the Padé approximants for l = 5−20 had no effect on the energy series their effect is not dramatic for l = 1 − 3. Also it should be reported that the sequence of Padé approximants stabilizes at E [3, 3] for l = 1 − 3 and at E[2, 2] for l = 5 − 20. Therefore, one could confidently conclude that the results from the Padé approximants are exact provided that some uncertainty lies in the last two digits for l = 1 − 3. Nevertheless, our results do not contradict with the upper and lower bounds computed from EMM [14] . To a satisfactory extent they also agree with those from SSQM [12] .
In tables 3 -5 we list our results along with those of Scherrer [2] , from In table 6 we display our results along with those from STM and direct numerical integration (DNI) reported in [35] for the Coulomb plus logarithmic potential. In table 7 we list our predictions for the cutoff -Coulomb and compare them with those of Singh et al. [17] . Finally, we report the k=0 eigenvalues for the NPO and cutoff -Coulomb potentials in table 8 and 9, respectively.
Summary and Remarks
In this work we have introduced a pseudoperturbative shifted -l expansion However, the natural extensions of SLNT or its variants [8, [16] [17] [18] [19] [20] [21] , represented by PSLET or the modified SLNT [22, 23] , show that one could get convincingly reliable results. Moreover, the dubious accuracies of SLNT [8] should be attributed mainly to the limited capability of SLNT to calculate the energy series beyond the fourth -order term. Our results for the cutoff - represents PSLET results, Eq.(51), E SS from SSQM [12] , E E from EMM [14] .
The Padé approximant E [3, 4] and the upper bound of EMM are obtained, respectively, by replacing the last j digits of E [3, 3] and of the lower bound of EMM with the j digits in parentheses. Table 6 : k = 0 eigenvalues for V (q) = −1/2q + (µ/2)ln(q 2 + q). 
